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The classification of skew-hermitian forms over a quaternion division 
algebra over an algebraic number field is made difficult by the fact that the 
Hasse principle does not hold. Two forms may be locally equivalent without 
being globally equivalent. 
We describe an invariant which enables us to distinguish between two 
locally equivalent forms. 
In Section 1 we give some basic definitions. In Section 2 we produce an 
exact sequence involving Witt groups of various kinds of forms. In Section 3 
we examine the localised version of this sequence and in Section 4 we 
described the invariant which distinguishes between locally equivalent forms. 
In Section 5 we show how our invariant is very closely related to the Galois- 
cohomological relative invariant defined by Bartels [ 1,2]. The virtue of our 
invariant is that it is defined in an elementary way whereas Bartels uses 
algebraic groups and Galois cohomology for his invariant. 
1. DEFINITIONS 
Let D = ((a, b)/K) b e a quaternion division algebra over an algebraic 
number field K, i.e., D is generated by elements i, j satisfying i2 = a, j2 = b, 
ij = -ji, etc. 
Our requirement hat D is a division algebra means that the equation 
ax2 + by* = 1 must be insoluble in K. 
Let - denote the standard involution on D, i.e., i= -i, j= -j. 
Let - denote the involution on D given by i= -i, I= j. 
Let L = K(6) be the quadratic extension of K with the involution, 
denoted -, given by fi = -fi. (We may regard L as lying inside D with 
involution the restriction to L of either - or A on D.) 
We will consider the following kinds of forms: 
(1) quadratic forms over K, 
(2) quadratic forms over L, 
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(3) hermitian forms over (L,-) (i.e., hermitian with respect o -), 
(4) hermitian forms over (D, -), 
(5) hermitian forms over (D, *). 
Note. The forms of type (5) may equivalently be regarded as forms over 
D which are skew-hermitian with respect o the standard involution -. The 
equivalence is given by $ ++ i# for a hermitian form 4. 
The ideas of isometry of forms, orthogonal sum of forms, hyperbolic 
forms and the Witt class of a form are defined in the usual way. In each of 
cases (l)-(5) we can define the Witt group of forms denoted W(K), W(L), 
W(L, -), W(D, -), and W(D, *), respectively. (Of course, the first three of 
these have a ring structure given by the tensor product.) 
One of the basic problems in the theory of forms is to produce invariants 
which classify forms up to isometry or up to Witt equivalence. For types (1), 
(2) (3), (4) a complete classification is well-known, though not necessarily 
easy. For type (5) a satisfactory classification has proved more elusive, 
although Bartels 11, 21 has produced a complete set of invariants, which 
includes his Galois-cohomological relative invariant. 
We define, by an elementary approach, an invariant which distinguishes 
locally hyperbolic forms up to isometry. 
2. THE EXACT SEQUENCE 
The mapping p,: D+ L, p,(z, + z2 j) = z,, where z,, z2 EL, induces a 
map a: W(D, -) + W(L, -). Tensor product is used to define a mapping 
p: W(L, -) + W(D, ^). More precisely for 4: V X V-+ L, a hermitian form 
over (L,-), we have /I($): V@,D X VOL D+D, x@1,y@,u+@(x,y),u 
for x, y E V, A, ,D E D. Thirdly, there is a map y: W(D, *) + W(L) induced by 
p2: D+L, pz(z, t z,j)= z2. 
PROPOSITION 1. There is an exact sequence of W(K)-modules 
0 + W(D, -) -+ W(L, -) L W(D, -) y. W(L), 
the mappings a, 8, y being as above. 
Proof. Exactness at W(D, -), i.e., injectiveness of a, is a consequence of 
a theorem of Jacobson [4]. See [8]. Exactness at W(L, -) follows by 
showing that the image of a and the kernel of p are each equal to the ideal 
generated by the two-dimensional form (1, -b). Exactness at W(D, A) 
follows by an elementary induction argument. See [8] for details. 
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3. LOCALISATION 
Let Kp be the completion of the number field K at a prime #. Let 
Lj=L@,Kfi and D+ =D@,K#. Then Lp may remain a field with a non- 
trivial involution on it or it may degenerate into a double field, a sum of two 
fields with involution interchanging components. Also D+ may ramify, i.e., 
remain a division algebra, or else split, i.e., become isomorphic to the matrix 
ring M,K+ . The standard involution on D+ becomes in this case a “skew- 
symmetric” one on M,Kb (i.e., of the type X+ P-‘X’P with P a skew- 
symmetric matrix). Hermitian forms over D+ in this case will behave like 
skew-symmetric bilinear forms over Kfi. This follows from hermitian Morita 
theory [ 3, 71. Hence W(D, , -) is trivial in this case. 
PROPOSITION 2. At each prime + of K we have an exact sequence 
O--+ W(D+r->+ W&t, -) + W(D+ , -)--t W(L,). 
Proof. If Dj is a division algebra then L+ is a field with non-trivial 
involution and our sequence remains as in Proposition 1. If D+ splits then 
W(D, -) = 0, W(D, , -) = W(K+) by Morita theory. Thus provided Lb is a 
field the sequence reduces to 
which is exact ([9, Appendix 21 or [8]). 
If L, is a double field, then W(L,, -) = 0 [ 121, and W(L,+) = 
W(Kb) @ W(K+) so that our sequence reduces to 
O+ WC&)+ W&i) 0 W(&) 
which is exact. This completes the proof. 
We can now obtain the following commutative diagram: 
O--+ W(D, -) a. W(L, -) L W(D, -) Y, W(L) 
I 
P 
I 
u 
I 
r 
I 
s 
0-n W(D+-)*n W(Lp,-)Ln W(D,,, -F+n W&d 
b fi 1( b 
all the mappings being the obvious ones, the product being taken over all 
primes #. The Hasse principle holds for forms over (D, -), over (L, -) and 
over L. Hence we have that mappings p, q and s are injective. However r is 
not injective and the above diagram can be used to give a lot of information 
about the kernel of r. We write Kerf and Imf, respectively, for kernel and 
image of any mapf: 
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PROPOSITION 3. 
Ker rz q-‘Qm4 
Ima 
and Ker r has 2S-2 elements, where s is the number of primes fi at which D 
ramifies (i.e., where D,,, is a division algebra). 
ProoJ Note first that Ker r c Ker y since s is injective. Hence 
Ker r c Imp and it is easily checked now that /I gives an isomorphism 
q-1(1m6) gKerr 
Im a 
To compute the size of Ker r we first examine 
Coker p = n# w(D+ ’ -1 
Imp ’ 
Now W(D, -) is the subgroup of Z” consisting of all n-tuples 
(0, 9 0, ,.a., a,) of integers such that ci = crj (mod 2) for all i.j. Here n is the 
number of real primes at which D ramifies, i.e., Dfi z IH the real quaternions. 
At each such + we get a signature. See [lo]. Hence we have that 
W(D+ , -) g Z at a real prime where D ramifies. Also W(D+ , -) s 12, at each 
finite prime where D ramifies [lo], every element of K+ being a norm from 
D+ in this case. W(D, , -) = 0 at other primes. 
It is now easily deduced that Cokerp has 2’-’ elements. 
Now if Im 6 c Im q we would get lq- ‘(Im 6)/Im aI = ] Coker pi. This is 
not the case however and so we must find the size of Im 6/((Im S) n (Im q)). 
At primes / where L, is a field with non-trivial involution we have 
W(L,+ , -) z Z at real primes (since L, 2 G and our form is a hermitian form 
which has a signature), and W(L+, -) z Z, or L, @ E, at finite primes (see 
[9, Appendix 21). Rank (modulo 2) and discriminant determine lements in 
W(Lfi , -) for finite #. 
Hence we find that the map W(D, , -) -+ W(L+, -) under 6 is Z + Z, 
u + 20, (i.e., doubling the signature), at real primes and either Z 2 -+ L 4, 1 --t 2 
or else Z, -+ Z, @ Z,, 1 + (l,l), at finite primes. 
The W(L+, -) component of q(y), w in W(L, -), will be determined by the 
Hilbert symbol (d, a),+, d being the discriminant of w. 
Hilbert reciprocity causes a restriction on what can occur in Im q whereas 
no such restriction occurs in Im 6. Thus it is now easy to see that 
Im 6/((Im S) n (Im q)) S Z 2. 
Hence q-‘(Im S)/I m a has 2s-2 elements. 
Comment. See Kneser [5, p. 1371 who obtained a similar result using 
Galois cohomology. See also T. A. Springer [5, Appendix]. 
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4. THE ~-INVARIANT 
We now try to describe Ker r more precisely. 
First, any form 4 representing an element of Ker r must equal /I(w) for 
some form w over (L,-). Forms over (L, -) have been dealt with by 
Landherr [6], the invariants needed being the rank, the discriminant, and the 
signature at each real prime # where (4, -) is isomorphic to the complex 
numbers with conjugation as involution. 
Let S be the set of primes # at which D+ is a division algebra. For our 
purposes it is the behaviour of the discriminant at primes p E S which is all 
important. 
Let d denote the discriminant of v where 4 =/I(w). Let I!@) denote the 
collection of Hilbert symbols ((d, u)/}+~~, i.e., 19(#) E Zs, where s = ISI. We 
want this to be independent of the choice of w and to depend only on the 
Witt class of 4. We accomplish this by defining an equivalence relation - on 
Z; by (~1, ez,..., es) - (e;, E;,..., ~1) if and only if ei = sf for all i or si = -sf 
for all i. It is easily checked that if w E Im a then (d, a)+ = 1 Vb E S or 
(d, a) = -1 V+ E S, according as w has rank 0 or 2 modulo 4. (Recall that 
Im cz is generated by (1, A); hence det I// = (A)““, n = rank w.) 
The class of e(4) in (Zi/-) is then a well defined invariant. Observe that 
B(g) can take 2’-* different values since (Zi/w) has 2”-’ elements and there 
is a restriction due to Hilbert reciprocity, i.e., (d, a) = -1 for an even 
number of #. 
Note that (d, a)# = 1 for fi & S. 
PROPOSITION 4. Let 4 represent an element of Ker r. Then 4 is hyper- 
bolic if and only if f?(4) is trivial, i.e., O(4) consists entirely of l’s or entirely 
of -1’s. 
Proof. Let Q = p(w). 
e(4) trivial * q(w) E Im Sp 
*vEIma 
Converse follows from above. 
+ $ hyperbolic. 
PROPOSITION 5. Two forms #1, & over (D, ^) are Witt equivalent, i.e., 
represent the same element of W(D, *), if and only if 
(1) 4, and #2 are locally equivalent, 
(2) et@, - 4,) is trivial. 
ProoJ: Follows from our previous results. 
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Proposition 5 gives us a way of finding whether or not two non-singular 
forms #,, ti2 over (D, *) are isometric. Proceed as follows: To have any 
chance of being isometric 4, and (2 must have the same rank and the same 
local invariants. Thus @I - ti2 (i.e., 4, (-+J+~)), is locally hyperbolic and so 
8($, - &) is defined. The forms 4, and e$ are isometric if and only if 
O(4, - #J is trivial. 
5. THE RELATION WITH BARTEL’S INVARIANT 
In [ I] Bartels defines a relative invariant, denoted ~(4, dz), for any pair of 
forms $r and $* which have the same dimension and discriminant. (~(4,) &) 
is defined for e-hermitian forms, E = f 1, over any division algebra with an 
involution of the first kind, and so, in particular, for skew-hermitian forms 
over a quaternion division algebra with standard involution.) This invariant 
c(#,, 4,) lives in a quotient of the second Galois cohomology group 
H*(K; Z,). Now H*(K; Z,) can be identified with B,(K), the elements of 
order 2 in the Brauer group of K, and the quotient is obtained by factoring 
out by the class 1 Dl in the Brauer group of the division algebra D under 
discussion. Briefly, c(Q, , #*) is defined as follows: the pair of forms 4, and $z 
of the same dimension and discriminant are represented by an element of the 
cohomology group H’(K: SU($,)), SU($,) being the special unitary group of 
4,. The exact sequence 1 + H, + Spin + SU-+ 1 induces a sequence in 
cohomology and in particular the map H’(K: SU) -+ H*(K: E,) yields an 
element of H*(K; Z,), the image of the element representing 4, and ti2. This 
element, modulo 1 D 1, is c(@~, 4,). 
In our situation, we have a hermitian form 4 over (D, *), D a quaternion 
division algebra. If 4 is locally hyperbolic then there is a globally hyperbolic 
form #2n,, of the same dimension 2n and discriminant 1 as 4. Thus 
~(4, #*,,i) is defined. Also 8(#) is defined. We will show that they are essen- 
tially equivalent. First note that the localisation map 
or 
will take ~(0, dzn,r) to a collection {a+}, efi = fl for each 6, as B,(K#) = L, 
for each/. Note that eb = + 1 if +z C? S, S being as before, the set of primes 
where D is unsplit [ l]. 
To obtain O(4) we note that 4 = p(w), w a form over (L, -), and that 6(#) 
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is obtained by computing (a, d), d being the discriminant of w as a form over 
CL, >- f44> = 1 (a, 4fi I+ ES modulo the equivalence relation in Section 4. 
PROPOSITION 6. If Q is locally hyperbolic over (D, ^) then 6(g) = 
w, 42”,l)~l~ES’ 
Proof. Let I$ have dimension 2n. Now 4 has a diagonalization 
( aI, a2 ,..., aZn), ai E KVi, and thus we may write 4 = #,I & 1 ..a I$,, 
where each #i has dimension 2 and discriminant 1. (Any evendimensional 
form over (D, -) with a diagonalization consisting of elements of K must 
have trivial discriminant.) Thus c(di, #*,r) is defined for i = 1, 2,..., n. 
Also we can write 4 =p(w) for v hermitian over (~5, -) and 
v = WI 1 wz *** I w,, /?(u/~) = Qi for each i = 1, 2 ,..., n. Note that the #i need 
not be locally hyperbolic. Hence d = d(v) = ns=r d(vi) and so (a, d) = 
(G ny= 1 d(Wi)) = nl= 1 (aY d(Vi))* w e will first show that (a, d(v)) = 
~(4, &r) for any two-dimensional form 4 =/?(v/) and with trivial 
discriminant. Write 4 = (a,, a,), ai E K, i = 1,2, and take &r = (a,, -a,). 
Using properties of c proven in [ 1, satz 41 we find 
CM 42.1) =c(h7 a*), (a,, -a,)> 
= c(W, (-a1 )I 
= (-a, a; l, d(a,)) 
= (--ala,, a) 
as d((a,)) is the discriminant of (a*) viewed as a skew-hermitian form over 
(D, -) as is required to use satz 4 of [ 11. ((a*) becomes (ia,) over (D, -) and - 
its reduced norm is iu,iu, = -a mod K*.) 
To complete the proof we will show that 
each #i being of dimension 2 and discriminant 1. The proof is by induction 
on n. 
When n = 1, it is trivially true. Assume true for n, and let I, )*,r denote 
the orthogonal sum of n copies of #*,r. We make use again of properties of c 
given in [ 1, satz 41. Consider the product 
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= fi d$iT 42.1)~ by the inductive assumption. 
i=l 
Multiplying each side of the above by c($,+ , , #*,r) and using the fact that 
c2 = 1 gives the desired result. 
Note on discriminants. In the above proof we have used the discriminant 
of (6. This differs according as you view 4 as hermitian over (D, -) or as a 
skew-hermitian over (D, -) (i.e., change $ to i$). The change in viewpoint 
alters the discriminant by a factor a” where 4 is n-dimensional. Either way it 
is given by taking the reduced norm of a matrix representing 4 and 
multiplying by (-1)” [2]. Also when 4 =/I(w) we have the discriminant of w 
over (L, -) which is gotten from the determinant of a matrix representing I,V, 
multiplied by (- l)n(n- ‘)12. 
Comment 1. It can also be shown that if 4 is locally hyperbolic 
4 = p(w), and we take the image of I,Y under the trace map W(L, -) -+7 W(K) 
then the Hasse invariant c(T(y/), w,), as in [ 111, wO hyperbolic of the same 
dimension as Tty, is an element of B,(K) which equals ~(4, #2n,,), module 
IDI. 
Comment 2. We must make some comment about the choice of maximal 
subfield L in our definition of the O-invariant. Given a quaternion division 
algebra D with a skew-symmetric type involution * then a unique maximal 
subfield L of K arises as follows: 
Let S = (z E D: z^ = -z). Then S must be one-dimensional over K and we 
have z,, E D, z^O = -z, such that S = (kz,: k E K). Then zi E S and hence 
zi = kz, implying zi E K. Let L = K(z,), a maximal subfield determined uni- 
quely. 
Thus when we are discussing forms over (D, -) there is no problem about 
choice of subfield. However, if we are simply given (D, -) a quaternion 
division algebra with standard involution, then we may define ^  on D and 
change to viewing our forms as hermitian over (D, -). The definition of * is 
not unique. Indeed, there are many choices of maximal subfield L and subse- 
240 D. W. LEWIS 
quent definition of 1 to become non-trivial on L but trivial on the 
complement of L in D. Thus our 19(o) for a skew-hermitian form over (D, -) 
may appear to depend on the choice of L. It does not however because we 
have seen that 0 is equivalent to the Bartels invariant and this does not 
depend on choosing a subfield L. 
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